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Correlations of spin-polarized and entangled electrons with Berry phase
Xuean Zhao1,2, Hui Zhao1, Pei Wang1, and You-Quan Li1
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The correlation and fluctuation of both entangled electrons and spin-polarized pairs affected by
two rotating magnetic fields in a setup proposed by J. Carlos Egues etc. (Phys. Rev. Lett. 89(2002)
176401) are studied theoretically by using scattering approach. Differing from polarized pair, the
entangled electron pairs are shown to behave like a composite particle with the total spins and its
z components. The singlet and triplet states exhibit different bunching and antibunching features,
which can be easily adjusted by the magnetic fields. The correlations and variances can show up
distinguish output signals for the four incident states. Our results are expected to be tested by
using coincident technique.
PACS numbers: 72.25.-b, 72.70.+m, 03.65.Vf, 03.65.Ud
I. INTRODUCTION
Entanglement and non-locality of EPR (Einstein-
Podolsky-Rosen) pairs1 or Schro¨dinger cat states2 are
the most intriguing and profound features of quantum
mechanics. They give rise to, even in the absence of inter-
action, correlations between spatially separated particles,
which can not be described as a product of the quantum
states of the two particles, and can not be explained by
any local hidden variable and realistic theory.3 However,
these nonclassical and non-local correlations of entangle-
ment have been tested convincingly by Bell-inequality-
type measurements in optics.4,5 Besides the fundamental
aspects, a great deal of efforts have been made to utilize
the properties of entangled particles for quantum infor-
mation, quantum computation or other potential appli-
cations6. It is foreseeable that the realistic and applica-
ble quantum devices should be composed of solid state
elements. Therefore, it is significant and desirable to un-
derstand the entangled charged particles.
Recently, much interest has been taken
in entanglement of electrons in solid state
environment.7,8,9,10,11,12,13,14,15 Unlike photons, elec-
trons carry charge and spin. The Coulomb interaction
between electron and external electric field makes it
flexible to be manipulated. Moreover, recent experi-
ments showed that electron spin in a semiconductor
has a relative long dephasing time, approximately
microseconds, and it can be transported coherently over
100 micrometers16. These properties make electron a
promising candidate for quantum applications. A few
proposals based on electrons showed how to create an
entangled pair of electrons in solid state systems, e.g.,
superconductors17,18 or quantum dots12,13, as a source
of entangled beams of electrons.
To detect and manipulate the spin entanglement, the
electric current noise of a beam splitter as a test of
spin entanglement was proposed by Samuelsson et al7,
Burkard et al13 and Carlos et al. In these schemes, the
orbital symmetry of the entangled electron wave func-
tion can be probed directly by the current noise (shot
noise). Since the total wave function consists of orbital
part and spin part, the symmetry of the orbital degree
of freedom is intrinsically related to that of the spin via
the Pauli exclusive principle or the parity requirement for
the wave function for indistinguishable particles19. This
intrinsic relation between orbital and spin in the two-
electron wave function imposes an essential connection
between the spin and the orbital for the entangled elec-
trons. If one alters the spin symmetry of the pair wave
function, it will definitely change the orbital symmetry
of the total wave function20.
Geometric phase such as Berry phase plays an im-
portant role in quantum systems with cyclic evolution.
Particularly, in nanoscale electronic devices21, a surpris-
ing effect is that a quantum system retains a memory
of its motion when it undergoes a cyclic evolution22,23.
In quantum information processing, Berry phase shows
purely geometric characteristics that can be used to tol-
erate external parameter fluctuations24,25. It has been
shown that Berry phase can be used to implement con-
ditional phase shifts, which gives quantum computing
an ability to execute conditional dynamics between two
quantum bits (qubit), where the state of one qubit affects
the evolution of the other qubit during a quantum com-
putation26,27. Actually, Berry phase has been demon-
strated in many systems, such as NMR25,28,29, neutron
beams30,31 and nanostructures32,33, which are merely in
single particle literature. Sjo¨qvist considered the geomet-
ric phase for entangled spin- 12 pairs in a time-independent
uniform magnetic field34, and Tong el al considered the
geometric phase for entangled states of two spin- 12 parti-
cles in rotating magnetic field35. They showed that the
geometric phase acquired by one of the entangled parti-
cles is always affected by the other particle which is even
a free state. However, for unentangled particles, the geo-
metric phase for the product state equals the sum of ge-
ometric phases acquired by each particle36. Thus studies
on entangled quantum systems are still in its infancy.
In this paper we study the influence of the Berry phase
on the entangled states and polarized states of two spin-
1/2 electrons by taking account of the correlation of the
2two electrons. We adopt the same approach as in Ref.20
and take for granted the existence of an entangler consti-
tuted by a superconductor and quantum dots12,17 that
are in Coulomb blockade regime. The setup shown in
Fig.1 consists of an entangler and a beam splitter. In
this scheme, two electrons incoming from lead 1 and 2
are scattered to lead 3 and 4. Berry phase is generated
by imposing an adiabatically rotating magnetic field on
one of the paths of the incoming leads. The geometric
phase is associated with nonvanishing dynamical phase
generally. The dynamical phase ought to be diminished
by some means for that it will spoil the effect of Berry
phase. We use the well-developed technique, spin-echo
approach25,37,38,39, to compensate the dynamical phase
and make the states sensitive to Berry phase.
The EPR pairs of electrons emitted from the entangler
are generally singlet or triplet states7,12,20. In the scheme
of Ref.13 three triplet states can not be distinguished
from each other due to the same symmetries of spatial
wave functions i.e., the same anti-bunching behaviors.
The improved approach20 can distinguish the entangled
and spin polarized beams by imposing a Rashba interac-
tion on one of the pair electrons. For the spin polarized
electrons, only the polarization along z-axis is nonzero in
the current autocorrelation (shot noise). The electrons
polarized along y-axis show noiseless. It also shows that
y component of an entangled triplet
∣∣Tey〉 and z com-
ponent of unentangled triplet |Tuz 〉 are noisy while the
triplets of entangled z component |Tez〉 and unentangled
y component
∣∣Tuy〉 are noiseless. We propose in this pa-
per an approach to demonstrate the correlation of two
electrons in both singlet and triplet states utilizing ro-
tating magnetic fields. In our scheme, we employ two
reversed rotating magnetic fields for one of the two elec-
trons passing through so that their dynamic phase can
be cancelled. We indicate that the correlation of the
two electrons shows different values for entangled singlet
state, triplet state as well as unentangled polarized states.
In addition, the values of correlations can be changed by
Berry phase, which gives bunching and antibunching as
well as intermediate behavior as a function of rotating
magnetic field parameters.
II. MODEL AND FORMULATION
The Hamiltonian of an electron in rotating magnetic
fields is
H = H0 − 1
2
gµBσ ·B(t), (1)
where H0 represents a free motion and the second term
represents the Zeeman energy; µB is the Bohr magne-
ton, g the Lande´ factor and σ the Pauli matrices. Here
B(t, x) = B(t)δxx1 − B(t)δxx2 are time-dependent mag-
netic fields located at x1 and x2, respectively, and δxxi
denotes the Kronecker delta function. The orientations
of the magnetic fields are opposite in direction ~n(θ), as
shown in Fig.1. The rotating magnetic fields can be
formed by two orthogonal magnetic fields, i.e., one is
along z axis with fixed magnitude while the other is ro-
tating in x-y plane. An electron passing through such
magnetic fields acquires both dynamical and geometric
phases. When the magnetic field rotates slowly or adia-
batically, the time evolution of the state obeys
FIG. 1: A model experiment setup. The entangler emits two
electrons, which are singlet or triplets. Two reversed rotating
magnetic fields are located at x1 and x2. The dashed line rep-
resents a beam splitter. The incoming channel 1 and channel
2 are separated in space, the exit channels are 3 and 4.
|⇑n; t〉 = exp
{
− i
ℏ
∫
En(B(t
′))dt′
}
exp(iγn(t)) |⇑n (t)〉 ,
(2)
where n is the direction of total magnetic field in orienta-
tion ~n(θ; t). En = E0 + E± is an instantaneous eigenen-
ergy in the direction of ~n(θ; t). Here E± = ∓ 12gµBB and
the geometric phase is
γn(t) = i
∫
B(t)
B(0)C
〈⇑n (B(t′))| ∇B |⇑n (B(t′))〉 dB(t′)
= i
∫ t
0C
〈⇑n (t′)| ∂
∂t′
|⇑n (t′)〉 dt′, (3)
where C is the contour of a path in parameter space. The
instantaneous eigenstates of the Hamiltonian (1) at time
t can be expanded in the σz basis as
|⇑n (t)〉 = cos θ
2
|↑〉+ sin θ
2
eiω0t |↓〉 (4)
|⇓n (t)〉 = − sin θ
2
|↑〉+ cos θ
2
eiω0t |↓〉 , (5)
where |↑〉 (|↓〉) is eigenstate for spin up (spin down) in z
axis. θ is the angle between the directions of the total
magnetic field and the z axis. The level splitting in the
field is
E± = ∓1
2
gµB = ∓ℏω1, E− − E+ = 2ℏω1. (6)
3The adiabatic condition requires
ω0
ω1
≪ 1, (7)
where ω0 is the frequency of the rotating magnetic fields
and ω1 the frequency of Rabi oscillation between the
two levels. After a period τ = 2π/ω0 the eigenstate
|⇑n; t = 0〉(|⇓n; t = 0〉) subjects to one rotating magnetic
field and evolves to
|⇑n; t = τ〉 = eiγ+(θ)eiλ+ |⇑n (t = 0)〉 = eiγ+(θ)eiλ+ |⇑n〉
|⇓n; t = τ〉 = eiγ−(θ)eiλ− |⇓n (t = 0)〉 = eiγ−(θ)eiλ− |⇓n〉 .(8)
Here γ+ is the Berry phase picked up in the magnetic field
along ~n(θ), γ− is that along ~n(π − θ). To evaluate those
Berry phases we consider the poles at the degeneracy
point B = 0.
∇B(t′)H(B(t′)) = −
1
2
gµσ. (9)
γ±(θ) = −1
2
∫ ∫
S(C)
B
B2
· dB =− 1
2
∫
C
dΩ = −1
2
Ω(θ)
(10)
γ+ = −π(1− cos θ); for Ω(0 −→ θ) (11)
γ− = −π(1 + cos θ); for Ω(0 −→ π − θ) (12)
then one has
γ+(θ) = −2π − γ−(θ) (13)
The global factor exp(iE0t/ℏ) can be neglected for nor-
malization, and λ±’s in Eq.(8) are set to be
λ+ = −2πω1
ω0
; and λ− = 2π
ω1
ω0
. (14)
By making use of the above results we can obtain the spin
states after the electron going through the two successive
rotating magnetic fields or the spin-echo device
|⇑n; t = τ〉1 = eiγ+(θ)eiλ+ |⇑n〉1 (15)
|⇓n; t = τ〉2 = eiγ−(pi−θ)eiλ− |⇓n; t = 0〉2
= eiγ−(pi−θ)eiλ− |⇑n; t = τ〉1
= eiγ+(θ)eiλ−eiγ+(θ)eiλ+ |⇑n; t = 0〉1
= e2iγ+(θ) |⇑n〉1 . (16)
Here the suffix 1 or 2 refers the first or second magnetic
field. Similarly, one has
|⇓n; t = τ〉1 = eiγ−(θ)eiλ− |⇓n; t = 0〉1 (17)
|⇑n; t = τ〉2 = eiγ+(pi−θ)eiλ+ |⇑n; t = 0〉2
= eiγ+(pi−θ)eiλ+ |⇓n; t = τ〉1
= eiγ−(θ)eiλ+eiγ−(θ)eiλ− |⇓n; t = 0〉1
= e2iγ−(θ) |⇓n〉1 (18)
Consequently, an electron passing through the aforemen-
tioned two successive rotating magnetic fields evolves to
|⇑n〉 2τ−→ e2iγ+(θ) |⇑n〉
|⇓n〉 2τ−→ e2iγ−(θ) |⇓n〉 (19)
Which can be written in a matrix form
(
a+1⇑n(2τ)
a+1⇓n(2τ)
)
=
(
e2iγ+(θ) 0
0 e2iγ−(θ)
)(
a+1⇑n(0)
a+1⇓n(0)
)
(20)
where a+1⇑n(2τ) and a
+
1⇓n
(2τ) create electrons with spin
in direction of ~n(θ, 2τ) and ~n(π − θ, 2τ), respectively, in
channel 1 after a period 2τ . This gives the spin states
|⇑n (t)〉 and |⇓n (t)〉 at the beam splitter after interacting
with two successive opposite rotating magnetic fields in
channel 1. In terms of the inverse relation of Eq.(4) and
(5), one can transform Eq.(20) into the σz representation,
(
a+1↑
a+1↓
)
=
(
e−2iγ+(θ) cos θ2 −e−2iγ−(θ) sin θ2
e−2iγ+(θ) sin θ2 e
−2iγ−(θ) cos θ2
)(
a+1⇑n(2τ)
a+1⇓n(2τ)
)
,
(21)
where a+1↑ and a
+
1↓ create electrons in the direction of z
and −z, respectively, in channel 1 after a period 2τ . The
spin states in channel 2 undergo a free motion before
passing through the beam splitter. It can be written as
(
a+2↑
a+2↓
)
=
(
cos θ2 − sin θ2
sin θ2 cos
θ
2
)(
a+2⇑(2τ)
a+2⇓(2τ)
)
. (22)
At the beam splitter the electrons are scattered into out-
going channels 3 and 4. The output can be expressed in
terms of scattering matrix of the beam splitter


a+3⇑
a+3⇓
a+4⇑
a+4⇓

 =


r 0 t 0
0 r 0 t
t 0 r 0
0 t 0 r




a+1⇑(2τ)
a+1⇓(2τ)
a+2⇑(2τ)
a+2⇓(2τ)

 , (23)
where a+3⇑ and a
+
3⇓ create electrons with spin in direction
of ~n(θ, 2τ) and ~n(π− θ, 2τ), respectively, in channel 3. It
is the same for a+4⇑ and a
+
4⇓ in channel 4. The combina-
tion of these two processes gives rise to
4

a+3↑
a+3↓
a+4↑
a+4↓

 =


r(cos 2γ− − i cos θ sin 2γ−) −ir sin θ sin(2γ−) t 0
−ir sin θ sin(2γ−) r(cos 2γ− + i cos θ sin 2γ−) 0 t
t(cos 2γ− − i cos θ sin 2γ−) −it sin θ sin(2γ−) r 0
−it sin θ sin(2γ−) t(cos 2γ− + i cos θ sin 2γ−) 0 r




a+1↑
a+1↓
a+2↑
a+2↓

 , (24)
where a+3↑ and a
+
3↓ create electrons in the direction of z
and −z, respectively, in outgoing channel 3 after a period
2τ . The notation implications for a+4↑ and a
+
4↓ are similar.
In scattering matrix language it is


a3↑
a3↓
a4↑
a4↓

 =


s3↑,1↑ s3↑,1↓ s3↑,2↑ s3↑,2↓
s3↓,1↑ s3↓,1↓ s3↓,2↑ s3↓,2↓
s4↑,1↑ s4↑,1↓ s4↑,2↑ s4↑,2↓
s4↓,1↑ s4↓,1↓ s4↓,2↑ s4↓,2↓




a1↑
a1↓
a2↑
a2↓

 ,
(25)
where the s-matrix satisfies
S†S = SS† = I (26)
and then the Eq.(25) can be written in a more compact
form
akσ =
∑
lσ′
skσ,lσ′alσ′ ; k ∈ 3, 4; l ∈ 1, 2; σ, σ′ ∈↑, ↓ .
(27)
The creation and annihilation operators obey the con-
ventional communication relations
[alσ, a
+
l′σ′ ] = δll′δσσ′ l, l
′ ∈ 1, 2; σ, σ′ ∈↑, ↓ (28)
and the outgoing operators also obey the communication
relations
[akσ , a
+
k′σ′ ] = δkk′δσσ′ k, k
′ ∈ 3, 4; σ, σ′ ∈↑, ↓ . (29)
The incident operators alσ and outgoing operators a
+
kσ′
satisfy the following relations
[alσ, a
+
kσ′ ] = s
∗
kσ′,lσ l ∈ 1, 2; k ∈ 3, 4 (30)
With relations Eqs.(26-30), we are in the position to cal-
culate physical observable. In this paper we are inter-
ested in the correlations of two electrons forming entan-
gled states or polarized states. There are four kind of
states emitted from the entangler. One is singlet with
total spin zero and the others are three triplets with to-
tal spin one. The scattering region involves interaction
with magnetic fields and the beam splitter. The inci-
dent singlet state is denoted by |ΨS〉 = 1/
√
2(a+1↑a
+
2↓ −
a+1↓a
+
2↑) |0〉 and the entangled triplet state is denoted
by |ΨTe〉 = 1/
√
2(a+1↑a
+
2↓ + a
+
1↓a
+
2↑) |0〉. The other two
unentangled triplet states are |ΨTu〉 = a+1↑a+2↑ |0〉 and
|ΨTd〉 = a+1↓a+2↓ |0〉 for spins in parallel upward and down-
ward in z axis respectively. The suffix 1 refers for channel
1 and the suffix 2 for channel 2 as shown in Fig. 1. The
two electrons emitted from the entangler are spatially
separated in each channel due to the Coulomb blockade
occurring in the quantum dots7,17. The electron in chan-
nel 1 is scattered by the rotating magnetic fields picking
up a geometric phase and then moves to the beam split-
ter. The two electrons interact at the beam splitter and
move to the output channel 3 or 4. The outgoing ampli-
tudes of electron waves in probe 3 and 4 are determined
by Eq.(24), i.e., |out〉 = S† |in〉. In terms of S-matrix
the incoming states are related to the outgoing states by
|in〉 = S |out〉 due to the unitary condition of s-matrix
given in Eq.(26).
The incoming states can be conveniently expressed by
outgoing states in operator form
{ |ΨS〉
|ΨTe〉 =
1√
2
(a+1↑a
+
2↓ ∓ a+1↓a+2↑) |0〉
=
1√
2
[{
P
P˜
(a+3↑a
+
3↓ + a
+
4↑a
+
4↓) +
{
Q
Q˜
a+3↑a
+
4↓ +
{
M
M˜
a+3↓a
+
4↑ +
{
D
D˜
(a+3↑a
+
4↑ + a
+
3↓a
+
4↓)
]
|0〉 (31)
|Ψu〉 = a+1↑a+2↑ |0〉 =
[
Pua
+
3↑a
+
4↑ +Qu(a
+
3↓a
+
3↑ + a
+
4↓a
+
4↑) + Su(r
∗2a+3↓a
+
4↑ − t∗2a+3↑a+4↓)
]
|0〉 (32)
|Ψd〉 = a+1↓a+2↓ |0〉 =
[
Pda
+
3↓a
+
4↓ +Qd(a
+
3↑a
+
3↓ + a
+
4↑a
+
4↓) + Sd(r
∗2a+3↑a
+
4↓ − t∗2a+3↓a+4↑)
]
|0〉 (33)
where
P = 2r∗t∗ cos 2γ−; P˜ = 2ir
∗t∗ cos θ sin 2γ−
Q = (r∗2 + t∗2) cos 2γ− + i(r
∗2 − t∗2) cos θ sin 2γ−
5Q˜ = (r∗2 − t∗2) cos 2γ− + i(r∗2 + t∗2) cos θ sin 2γ−
M = −[(r∗2 + t∗2) cos 2γ− + i(t∗2 − r∗2) cos θ sin 2γ]
M˜ = (r∗2 − t∗2) cos 2γ− − i(r∗2 + t∗2) cos θ sin 2γ−
D = i sin θ sin 2γ−(r
∗2 − t∗2)
D˜ = i sin θ sin 2γ−(r
∗2 + t∗2)
Pu = (cos 2γ− + i sin 2γ− cos θ)(r
∗2 − t∗2)
Pd = (cos 2γ− − i sin 2γ− cos θ)(r∗2 − t∗2)
Qu = ir
∗t∗ sin θ sin(2γ−)
Qd = ir
∗t∗ sin θ sin(2γ−)
Su = i sin θ sin(2γ−)
Sd = i sin θ sin(2γ−).
The probabilities of the electron with spin σ appearing
at output probes 3 and 4 can be evaluated by
〈Ψj |nlσ |Ψj〉 or 〈Ψj|nlσnl′σ′ |Ψj〉 , (34)
where j is label for the singlet and triplets, and l, l′ ∈ 3, 4,
σ, σ′ ∈↑, ↓. For instance, j = Te and l = 3, l′ = 4. σ =↑
and σ′ =↓. One has to evaluate the expectation that one
electron appears at the output probe 3 with spin up and
the other electron appears at the output probe 4 with
spin down simultaneously for the incident state |ΨTe〉.
〈ΨTe |n3↑n4↓(1 − n3↓)(1− n4↑) |ΨTe〉
= 〈ΨTe | a+3↑a3↑a+4↓a4↓(1− a+3↓a3↓)(1 − a+4↑a4↑) |ΨTe〉
= 〈ΨTe | a+3↑a+4↓a4↓a3↑ |ΨTe〉
=
∑
m
〈ΨTe | a+3↑a+4↓ |m〉 〈m| a4↓a3↑ |ΨTe〉
=
∑
m
| 〈m| a4↓a3↑ |ΨTe〉 |2
=
1
2
∑
m
| 〈m| a4↓a3↑(a+1↑a+2↓ − a+1↓a+2↑) |0〉 |2,
where m runs over all the states that constitute a com-
plete set of Hilbert space. We have dropped terms in-
volving more than three annihilation operators, such as
a3↑a3↓a4↓ due to the Pauli exclusive principle. Using
Eqs.(31)-(33) and commutation relations of output oper-
ators a+3σ and a
+
4σ, one can obtain the output mean elec-
tron numbers, variances and correlations for the input
states, i.e., the singlet and triplet states. The results are
summarized in the TABLE I and TABLE II. The TABLE
III is the input mean numbers, variance and correlations
for the four incident states.
III. RESULTS AND DISCUSSIONS
TABLE I gives the output correlations and average
numbers of electrons and TABLE II gives output vari-
ances of electrons for input singlet and triplet states. As
a comparison we list input correlations, average occu-
pations and variances of electrons for input singlet and
triplet states in TABLE III. Our discussions contain the
following parts
A. The average occupation in one output channel
Firstly one can see that in the output channels the
average numbers of electrons are constant values 0.5 for
the entangled singlet states whether the entangled singlet
state is scattered or not (see TABLE I and TABLE III
rows 2 to 5 and column 2). They are irrelevant to mag-
netic field and the beam splitter. However, for the inci-
dent entangled triplet state the output average numbers
of electrons are dependent on Berry phase (see TABLE
I rows 2 to 5 and column 3). In comparison to the ini-
tial average numbers of electrons (see TABLE III rows 2
to 5 and column 3), the scattered entangled triplet state
acquires additional phase. These results indicate that
the singlet state does not acquire a phase in the rotat-
ing magnetic fields. It is just like a composite particle
with zero spin, as shown by Fig. 2a. In Fig. 2a the two
spins are always aligned opposite direction. They form
a composite particle with the total spin zero ST = 0.
In this case the z components of the two electrons are
opposite in direction and the composite particle is just
the singlet. With this notation in mind the entangled
triplet state should acquire Berry phase due to its to-
tal spin ST = 1, although the total projection of spin
along z direction is zero, (see TABLE I rows 2 to 5 and
column 3 and Fig. 2b). The average output numbers of
electrons are related to Berry phase for the input polar-
ized triplet states. But they are different from that of the
entangled triplet state. For example, in the input polar-
1
2
1
2-
+
s1
s2
sz
sz
ST=0
1
2-
1
2+
s1
s2
sz
sz
(a) (b)
ST
FIG. 2: The composition of two electron spins. (a) the singlet
state composed of two opposite spins s1 and s2 and their z
components. The total spin ST and the total z component
are zero. (b) The triplet with its zero z component. The two
spins s1 and s2 are not opposite and form a total spin ST = 1.
ized state |ΨTu〉 = a+1↑a+2↑ |0〉 = |↑〉1 ⊗ |↑〉2 the electron
in channel 1 with spin-up subjects the rotating magnetic
fields and is scattered at the beam splitter. The reduced
part of 〈ΨTu |n3↑|ΨTu〉 is RΘ. This is just the reflected
spin flipped part of spin-up in channel 1 into spin-down.
Viewing 〈ΨTu |n3↓|ΨTu〉 = RΘ one finds that the contri-
60 60 120 180 240 300 360
0.25
0.5
0.75
1
1.25
θ
<
n 3
↑>
singlet
polarized spin−up
polarized spin−down
entangled triplet
R=2/7 
FIG. 3: The average occupation probabilities of the spin-up
in the output channel 3 for different incident states. The
constant value 0.5 is for the incident singlet state and shown
by the solid line. The dashed line is for the incident entan-
gled triplet state. The dotted line is for the incident spin-up
polarized state and the dash-dotted line is for the incident
spin-down polarized state. The beam-splitter is asymmetric
with the reflection probability R = 2/7.
bution of the spin flipped part is precisely RΘ. Similar
analysis shows that the spin flipped part is TΘ for chan-
nel 1 electrons, which transmit to the output channel 4.
It can also be seen clearly by setting the total reflection
beam splitter, i.e., R = 1. In this condition the electron
in channel 1 directly goes to the output channel 3 and the
electron in channel 2 directly goes to the output channel
4. Because the rotating magnetic fields are located in
the channel 1, the transmission of an electron from the
channel 2 to the channel 4 is unit for the spin conserved
processes (i.e., the spin-up to spin-up and spin-down to
spin-down) and zero for spin flipped processes (i.e., spin-
up to spin-down and spin-down to spin-up). It is verified
in TABLE I rows 4 and 5, columns 4 and 5 by setting
T = 0. Fig. 3 and Fig. 4 show the variations of the oc-
cupation probability and its mean square fluctuation of
the spin-up electrons in the output channel 3 with the
angle θ, which is the polar angle of the total magnetic
field along z-axis, as shown in Fig. 1. The beam splitter
is asymmetric by taking reflection coefficient R = 2/7.
From Fig. 3 and Fig. 4 one can see that the averages
〈n3↑〉 are different functions of θ for each incident state,
which can be controlled by Bz due to tan θ = B⊥/Bz.
B⊥ is a rotating magnetic field in x-y plane whose mag-
nitude is fixed. Bz is a constant magnetic field along
z axis which can be controlled by the external means.
From above results and discussions it can motivate us to
use a counter detector to distinguish the four states by
varying the magnetic field Bz .
B. The same output channel with different spins
From rows 6 to 7 in TABLE I and TABLE II, one can
see that the correlations 〈n3↑n3↓〉 and 〈n4↑n4↓〉 are dif-
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FIG. 4: The variances of the spin-up in the output channel
3 for different incident states. The constant value 0.25 is for
the incident singlet state and shown by the solid line. The
dashed line is for the incident entangled triplet state. The
dotted line is for both the incident spin-up and spin-down
polarized states. The beam-splitter is the same as that in
Fig. 3.
ferent for entangled singlet and triplet states, whereas
the same for unentangled states. In the entangled singlet
state the correlation of 〈ΨS |n3↑n3↓|ΨS〉 reaches the max-
imum 2RT and minimum 0 , by viewing a cosine func-
tion in the expression 〈ΨS |n3↑n3↓|ΨS〉 = 2RT cos2 2γ−.
The correlations oscillate with respect to the angle θ, as
shown by solid line in Fig. 5. In Fig. 5 the dashed line
represents the correlation for the input entangled triplet.
One can see that it oscillates but the amplitude is less
than that of the singlet. The dotted line is for two polar-
ized states. Fig. 6 shows the variances 〈∆n3↑∆n3↓〉 for
incident states. It shows that the variance of the input
singlet state oscillates positively and negatively.
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FIG. 5: The correlations of the spin-up and spin-down in the
same output channel 3 for different incident states. The solid
line is for the singlet state. The dashed line is for the incident
entangled triplet state. The dotted line is for both the incident
spin-up and spin-down polarized states. The beam-splitter is
an ideal device with the ratio of reflection to transmission
50:50.
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FIG. 6: The variances of the spin-up and spin-down in the
same output channel 3 for different incident states. The solid
line is for the entangled singlet state. The dashed line is
for the incident entangled triplet state. The dotted line is
for both the incident spin-up and spin-down polarized states.
The beam-splitter is the same as Fig. 5.
When the variance is positive the two electrons prefer
to reach the same output channel, bunching behavior.
When the variance is negative, they prefer to separate
to different output channels, antibunching behavior.
Due to Berry phase picked up by spins passing through
the rotating magnetic fields, the symmetry of the wave
function is changed. The correlation 〈n3↑n3↓〉 goes to
zero at θ = 41.4◦, 75.5◦, 104.5◦ and 138.6◦, and reaches
the maximum at θ = 0◦, 60◦, 90◦, 120◦ and 180◦ for the
singlet state and an ideal beam splitter, R = T = 1/2.
Correspondingly, the variances 〈∆n3↑∆n3↓〉 reach max-
imal positive and negative values at these angles for
the singlet state. For the entangled triplet the situation
is reversed. At θ = 41.4◦, 75.5◦, 104.5◦ and 138.6◦ the
correlations are maximum and at θ = 0◦, 60◦, 90◦, 120◦
and 180◦ are minimum. The variances 〈∆n3↑∆n3↓〉 are
always negative showing the antibunching property for
the polarized states, as shown by dotted line in Fig. 6.
The same analysis is applied for the output channel 4.
C. The output correlations of different channels
with the same spins
The correlations 〈n3↑n4↑〉 and 〈n3↓n4↓〉 are different
for the entangled singlet and triplet states. They also
differ from that of unentangled triplet states |ΨTu〉 and
|ΨTd〉. From TABLE I and TABLE II rows 8 to 9 one
can find that the correlation is definite 0 for the input
state |ΨTd〉. This is due to the particle property of an
electron. The particle occurs only at one position at a
time, although there is a probability to flip a spin in chan-
nel 1 for the incident spin-down state |ΨTd〉 = a+1↓a+2↓ |0〉
splitting into the output channel 3 and 4. The particle
cannot be partially reflected to channel 3 and partially
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FIG. 7: The correlations of spin-up and spin-up in different
output channels 3 and 4 for the unsymmetrical beam splitter.
The reflection of the beam splitter is R = 2/7. The solid line
is for singlet and the dashed line is for the entangled triplet.
The dotted line is for spin-up polarized state. The correlation
of the spin-down polarized state is constant zero.
transmitted to channel 4 simultaneously. If the magnetic
fields is removed, the correlations become 0 for the entan-
gled states and 1 for the spin-up polarized state. Under
this condition the variance 〈∆n3↑∆n4↑〉 is 0 for untan-
gled states and −1/4 for the entangled states. These
results manifest that the electrons with spin-up in chan-
nel 3 and 4 cannot appear simultaneously in the input
state |ΨTd〉. In addition the fluctuation 〈∆n3↑∆n4↑〉 in
this case vanishes due to the Pauli exclusive principle
in the input state |ΨTu〉. It is interesting to note that
the correlation n3↑ and n4↑ of the input entangled triplet
state is zero when the beam splitter is ideal, i.e., 50%
reflection and 50% transmission. In this case the vari-
ance is definitely negative, as shown by the expression
in TABLE II (rows 8 and 9, column 3). These negative
values indicate that the two electrons with the same spin
prefer to locate in different output channels simultane-
ously in entangled singlet and triplet states. One can see
that the correlations 〈n3↑n4↑〉 are different in all incident
states for asymmetric beam splitter (shown by Fig. 7 and
Fig. 8). In this case the two correlations and variances of
the entangled states behave similarly (shown by solid line
and dashed line in Fig. 7, 8, respectively). This again in-
dicates that the output signals 〈n3↑n4↑〉 and 〈∆n3↑∆n4↑〉
are different with respect to Berry phase.
D. The output correlations of different channels
with different spins
The rows 10 and 11 in TABLE I and TABEL II give
the correlations 〈n3↑n4↓〉 and 〈n3↓n4↑〉 for the incoming
singlet and triplet states. From those expressions one can
see that the four correlations are different in functions of
Berry phase, in the transmission, and in the reflection
coefficients. This is again possible to devise a coincident
80 60 120 180 240 300 360
−0.25
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
<
∆ 
n 3
↑∆
 
n 4
↑>
singlet
polarized states
entangled triplet
R=2/7 
θ 
FIG. 8: The variances of the two spin-up electrons in different
output channels 3 and 4. The reflection of the beam splitter
is R = 2/7. The solid line is for the singlet, the dashed line is
for the entangled triplet. The dotted line is for both spin-up
and spin-down polarized states.
apparatus to distinguish these four states by means of
rotating magnetic fields and the external gate voltages.
Since the beam splitter is usually constructed by a quan-
tum point contact (QPC)19. The transmission and reflec-
tion are adjusted by the potential barrier, which is con-
trolled by external gate voltages. If the beam splitter is
asymmetric, say R = 2/7 as shown in Fig. 9 and Fig. 10,
the four incident states manifest different behaviors with
the polar angle θ. In experiments these coincident sig-
nals are easily distinguished. Although the coincidences
of polarized states are different, the variances of these
states are the same (see Fig. 10). In Fig. 10 the fluc-
tuation correlation is negative for the singlet state and
positive for the entangled triplet state showing again the
bunching and antibunching property. For a 50:50 beam
splitter the singlet and the entangled triplet are irrelevant
to transmission and reflection coefficients of the beam
splitter. The maximum value of correlation is about 0.3
for the singlet state and 0.5 for the entangled triplet, as
shown by Fig.11. The variance 〈∆n3↑∆n4↓〉 is almost
negative for the singlet state and positive for the entan-
gled triplet, as shown by Fig.12. This shows an electron
with spin-up in channel 3 cannot appear simultaneously
with an electron with spin-down in channel 4. But it is
not true for the entangled triplet. The value of correla-
tion 〈n3↑n4↓〉 can reach the maximum 1/2, which shows
an electron with spin-up in channel 3 appears simultane-
ously with an electron with spin-down in channel 4 with
a probability 1/2. The other case 〈n3↓n4↑〉 is also 1/2.
The sum of these two case is 1. It indicates that these
two cases occur definitely and showing the antibunching
property. It is not the case for the two polarized states,
although their correlations are zero. The reason is that
for an individual events n3↑ and n4↓ are not zero for the
two entangled states but n4↓ is zero for |ΨTu〉 and n3↑ is
zero for |ΨTd〉.
One can recover the results in Refs.40,41 by removing
magnetic fields and sum up the spin indices. The singlet
state |Ψs〉 shows bunching property 〈n3n4〉 = (T − R)2
and the triplet state |ΨTe〉 shows antibunching property
〈n3n4〉 = 1. The average number is 1 for each output
channel, i.e., 〈n3〉 = 〈n4〉 = 1. It is also consistent with
the results of Ref.41 that the two-particle-occupation
probability in one channel is P(2,0)=2RT for Bosons
and 0 for Fermions. In our case this corresponds to
〈n3↑n3↓〉 = 2RT for the singlet state and 〈n3↑n3↓〉 = 0
for the triplet state |ΨTu〉. However, the four states
manifest different behavior in magnetic fields. For ex-
ample, in the case of an ideal beam splitter(T=R=1/2)
the correlations are 〈n3↑n4↓〉 = 0.5 cos2 θ sin2 2γ− for
singlet state |ΨS〉 and 〈n3↑n4↓〉 = 0.5 cos2 2γ− for
the triplet state |ΨTe〉, respectively. It is the same
for the two polarized states |ΨTu〉 and |ΨTd〉, i.e.,
〈n3↑n4↓〉 = 0.25 sin2 θ sin2 2γ−. If the beam splitter is
not symmetric the correlations 〈n3↑n4↓〉 are different for
these four states, which can be seen from the expressions
in TABLE I row 10 or 11.
IV. CONCLUSION
We have investigated the correlations and fluctuations
of two-electron states (i.e., singlet and triplet states )
affected by two oppositely rotating magnetic fields. We
found that the four states pick up Berry phases in differ-
ent manner manifesting different behaviors in the output
correlations and variances. The entangled singlet state
shows bunching and antibunching behaviors with respect
to Berry phase. The entangled triplet state also shows
bunching and antibunching behaviors that differ from
that for the singlet state and polarized triplet states. The
significant result is that two entangled electrons behave
like a composed quasi-particle with total spin zero and
unit for the singlet state and the entangled triplet state,
respectively. This quasi-particle property is clearly illus-
trated by Berry phase picked up by the entangled states.
Berry phase acquired by the unentangled states shows
different behaviors from that of the entangled states. Ad-
ditionally, the setup discussed in this paper is expected
to investigate Berry phase by measuring the correlation
and fluctuation using the coincident techniques.
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TABLE I: The output correlations and average number of electrons for input singlet and triplets (Θ = sin2 θ sin2 2γ−)
|ΨS〉 |ΨTe〉 |ΨTu〉 |ΨTd 〉
〈n3↑〉
1
2
1
2
(1− 4RTΘ) 1−RΘ RΘ
〈n3↓〉
1
2
1
2
(1− 4RTΘ) RΘ 1−RΘ
〈n4↑〉
1
2
1
2
(1− 4RTΘ) 1− TΘ TΘ
〈n4↓〉
1
2
1
2
(1− 4RTΘ) TΘ 1− TΘ
〈n3↑n3↓〉 2RT cos
2 2γ− 2RT cos
2 θ sin2 2γ− RTΘ RTΘ
〈n4↑n4↓〉 2RT cos
2 2γ− 2RT cos
2 θ sin2 2γ− RTΘ RTΘ
〈n3↑n4↑〉
1
2
Θ 1
2
(T −R)2Θ 1−Θ 0
〈n3↓n4↓〉
1
2
Θ 1
2
(T −R)2Θ 0 1−Θ
〈n3↑n4↓〉
1
2
(T −R)2 cos2 2γ− +
1
2
cos2 θ sin2 2γ−
1
2
cos2 2γ− +
1
2
(T −R)2 cos2 θ sin2 2γ− T
2Θ R2Θ
〈n3↓n4↑〉
1
2
(T −R)2 cos2 2γ− +
1
2
cos2 θ sin2 2γ−
1
2
cos2 2γ− +
1
2
(T −R)2 cos2 θ sin2 2γ− R
2Θ T 2Θ
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FIG. 11: The correlations of two electrons with opposite spins
in different channels 3 and 4. The beam splitter is ideal, i.e.
50:50. The solid line is for the singlet and the dashed line is
for the entangled triplet. The dotted line is for both polarized
states.
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FIG. 12: The variances of the two electrons with spin-up in
channel 3 and spin-down in channel 4. The beam splitter is
50:50. The solid line is for the singlet and the dashed line is
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TABLE II: The output variances of electrons for input singlet and triplets (Θ = sin2 θ sin2 2γ−)
|ΨS〉 |ΨTe〉 |ΨTu〉 |ΨTd 〉〈
∆n23↑
〉
1
4
1
4
(1− 16R2T 2Θ2) RΘ(1−RΘ) RΘ(1−RΘ)〈
∆n23↓
〉
1
4
1
4
(1− 16R2T 2Θ2) RΘ(1−RΘ) RΘ(1−RΘ)〈
∆n24↑
〉
1
4
1
4
(1− 16R2T 2Θ2) TΘ(1− TΘ) TΘ(1− TΘ)〈
∆n24↓
〉
1
4
1
4
(1− 16R2T 2Θ2) TΘ(1− TΘ) TΘ(1− TΘ)
〈∆n3↑∆n3↓〉 2RT cos
2 2γ− −
1
4
2RT (sin2 2γ− − 2RTΘ
2)− 1
4
−R2Θ(1−Θ) −R2Θ(1−Θ)
〈∆n4↑∆n4↓〉 2RT cos
2 2γ− −
1
4
2RT (sin2 2γ− − 2RTΘ
2)− 1
4
−T 2Θ(1−Θ) −T 2Θ(1−Θ)
〈∆n3↑∆n4↑〉 −
1
4
(1− 2Θ) − 1
4
(1− 2Θ)− 4R2T 2Θ2 −RTΘ2 −RTΘ2
〈∆n3↓∆n4↓〉 −
1
4
(1− 2Θ) − 1
4
(1− 2Θ)− 4R2T 2Θ2 −RTΘ2 −RTΘ2
〈∆n3↑∆n4↓〉
1
4
(1− 2Θ)− 2RT cos2 2γ−
1
4
(1− 2Θ) + 2RT (2Θ− sin2 2γ− − 2TRΘ
2) −RTΘ(1−Θ) −RTΘ(1−Θ)
〈∆n3↓∆n4↑〉
1
4
(1− 2Θ)− 2RT cos2 2γ−
1
4
(1− 2Θ) + 2RT (2Θ− sin2 2γ− − 2TRΘ
2) −RTΘ(1−Θ) −RTΘ(1−Θ)
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TABLE III: The input correlations, average number and variances of electrons for singlet and triplets
|ΨS〉 |ΨTe〉 |ΨTu〉 |ΨTd〉
〈n1↑〉 (
〈
∆n21↑
〉
) 1
2
( 1
4
) 1
2
( 1
4
) 1(0) 0(0)
〈n1↓〉 (
〈
∆n21↓
〉
) 1
2
( 1
4
) 1
2
( 1
4
) 0(0) 1(0)
〈n2↑〉 (
〈
∆n22↑
〉
) 1
2
( 1
4
) 1
2
( 1
4
) 1(0) 0(0)
〈n2↓〉 (
〈
∆n22↓
〉
) 1
2
( 1
4
) 1
2
( 1
4
) 0(0) 1(0)
〈n1↑n1↓〉 (〈∆n1↑∆n1↓〉) 0(−
1
4
) 0(− 1
4
) 0(0) 0(0)
〈n2↑n2↓〉 (〈∆n2↑∆n2↓〉) 0(−
1
4
) 0(− 1
4
) 0(0) 0(0)
〈n1↑n2↑〉 (〈∆n1↑∆n2↑〉) 0(−
1
4
) 0(− 1
4
) 1(0) 0(0)
〈n1↓n2↓〉 (〈∆n1↓∆n2↓〉) 0(−
1
4
) 0(− 1
4
) 0(0) 1(0)
〈n1↑n2↓〉 (〈∆n1↑∆n2↓〉)
1
2
( 1
4
) 1
2
( 1
4
) 0(0) 0(0)
〈n1↓n2↑〉 (〈∆n1↓∆n2↑〉)
1
2
( 1
4
) 1
2
( 1
4
) 0(0) 0(0)
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